BOUNDS FOR CERTAIN EXPONENTIAL SUMS*
where p m is a prime power , x mo d p m is a Dirichlet character, a, b, n are integers with n > 2.
The first sum was studied in connection with Waring's problem and we have a classical result due to professor Hua [10] . The second sum has not been studied before as far as the authors know. We hope it can be used in the work of generalizing Waring's problem. In [6] , Davenport and Heilbronn showed that where 0 = 2/3 if n = 3, and 0 = 3/4 if n > 3. Hua [10] showed that 0 = 1/2 for all n > 2 (also see Lemma 4.1 of Vaughan [19] ). Hua's proof depends on Weil's estimate for exponential sums over finite fields (see Bombieri [1] or Schmidt [15] ). In this case we have (1.4) \S(ax n + bx,p)\<{n-l)pi, ifpfa.
For m > 2, following the work of Loxton and Smith [13] , and Smith [17] , one has that where D is the different of the derivative of the polynomial ax n + bx, and TQ = 1 if p < n, and TQ = 0 if p > n. Very recently, Dabrowski and Fisher established better bounds for exponential sums of this kind. Under the restriction p { ab, p \ n, and n > 2, their work implies the following bounds (see Theorem 1.8 of [5] or Theorem 2 of Ye [21] There is a similar estimate for p = 2.
The purpose of this paper is to improve the above estimate by showing the following quite general result. To state our theorem conveniently, let ord p (x) denote the normal exponent valuation on the p-adic field. In particular, for x G Z,a; ^ 0,p ordp^\ \x. THEOREM 
Let n>2,m>2,h = ord p (n -1), /3 = ord p (ri)
, and a, b G Z be any integers with r = or dp (a) < m -2. Ifp>2 we have If m > 2, Salie [16] showed that there exists an absolute constant C such that (1.14) |if(a,6,p m )| < Cp^, if p\ (a,6) and m > 2.
Estermann [8] showed that C = 2 for p > 2 and p f (a, 6), (see Lemma 4 and Lemma 8 of [8] The proof is given at the end of the paper. 1 A more general result on n-dimensional Kloosterman sums was obtained in a recent work of Todd Cochrane, Ming-Chit Liu and Zhiyong Zheng, "Upper bounds for n-dimensional Kloosterman sums"; preprint.
Preliminaries.
To prove the above theorems, we first consider exponential sums in general and state some sharp estimates given in the author's works [3] and [4] . Let f(x) be a polynomial with integral coefficients, and let
If m = 1, it is a well known consequence of the work of Weil [17] on the Riemann hypothesis for curves over a finite field (also see for example Bombieri [1] and Schmidt [14] ) that if dp(f) > 1 and p is an odd prime, then for all / and all x mo d P?
and |S(/,x,p)| < dp(/)p*.
If m > 2, Hua [8] and [10] showed that if
In [2] , Chalk considered the zeros of / (x) modulo p and showed that if m > 2t + 2 then
where t = ord p {f (x)),A = A(f,p) is the set of distinct zeros of the related congruence
/i a is the multiplicity of each a £ A and M = max{fi a } is the maximum multiplicity.
In [3] and [4] , we improved Chalk's result by proving the following theorem (see Theorem 2.1 of [3] ). THEOREM J4ZS0 ; for any m>l,t>0,we have
Let p be an odd prime and f be any nonconstant polynomial defined over Z, t = ord p (f {x)), m > 2. Then if0<t<m -2, we have (i) If A is empty, then S(
The estimate (2.7), known as Chalk's conjecture (see [7] ), provides a local upper bound for S(f,p m ). Similar upper bounds were obtained by Ding [7] and Loh [12] . Then we can find a unique integer c = c(x,g) with 0 < c < p
Since p f r, it is plain that £i = min{£, orrfp(c)} < m -1. Let Ai be the set of distinct nonzero solutions of the related congruence 3. Lemmas. To prove Theorem 1.1, we first state a recursion relationship which was established in [3] . Let
where a e A is a solution of congruence (2.6). LEMMA 1 (Proposition 3.1 of [3] ISttp™)!^-!^1-**.
, where H(x) e Z[a:], k = dp(f) with 1 < k < p -1, and p f a^. If m = 1, the lemma follows from Weil's estimate. Let m > 2. Since f f (x) = fca&a^-1 H h ai + pH'{x) and p \ k, we have t = 0. By Theorem 2.1, we have
and the lemma follows. D 2, we need to untwist the sum 5(/,x,p) using the method established in [3] . Let p > 2 be an odd prime, % mod p 171 be a Dirichlet character, r and c be defined by (2.9) and (2.10) with pf r, and 0 < c < p rn -1 (p -1), t and h be defined by (2.11), and Ai be defined by (2.12 If i/ < r2, then cr a = i/, and we have dp(g a (x)) = 1, that is, ^a^) is a linear polynomial over F p . By Lemma 2, it follows that S(ax n + bx,p m ) = 0. Let T2 < i/, then <7 a = T2 = ft + 2 < ra -1, for ft < ra -3. If p > 3, by Lemma 3, we have dp(ga(%)) = 2. By Lemma 2, we have It follows from (4.13) that S{a*» + te,2-) = 2 e( a2V + 2+lM ).
If n > 6 + 1, then 5(aa; n + 6a:, 2 m ) = 0. If n < 6 + 1, then m -n > 2 for S < m -3. By the induction assumption we have
Finally, we consider 0 = 5. In this case if h = 0, then the related congruence It is easy to see that for any integer ?/, we have
where Cj (y) is a polynomial of degree j in the variable y defined by (
5.6) C j (y) = y(y-l)---(y-j + l).
It follows that we can take Hence, we may let 1 < ord p (c) = (3 < 5.
LEMMA 6. Letp be an odd prime. Let a £ Ai be a solution of (5.9) , and F a (y)j a a and ga{y) be defined by (5.7) and (5.8) . Let dp(g a ) be the degree of g a (y) read modulo p. Then we have a a < S -I-3, and dp(g a ) < 3. The last inequality follows from a a < S + 3 and the fact that 2(n,p -1) < n, since p|ra. Case (iii). 0 = 6. In this case, if Ai is not empty, then we must have 7 = ordp(c) > 0 = 5. Thus £ = ti = S and the related congruence is
Proof. Let
If S > 0, then 7 > 0, where we define 7 = ord p (c). We show that each a G Ai has multiplicity one. To prove this conclusion, first let 7 > 6. Then a is a solution of p~6(anx n~1 +b) -0(modp). Since /? = S > 0, then p|n, and p{ n -1, and so a just has multiplicity one. If 7 = £ > 0, and a G v4i has multiplicity greater than one, then Let F^y) and ^(2/) be as defined by (5.7) and (5.8).
LEMMA 7. Under the above assumptions, we have a a < h + 3, and dp{g (X ) < 3.
Proof. The proof is similar to Lemma 6. Let p = ord p (an 2 a n + 6a). We consider the two cases p > h and p < h. If p < h, then for all i > 3, we have ord p (an i a n -f ba) -ord p (an 2 a n + ba + an 2 Q: n (n i~2 -1))
> min(p, h) > p.
It follows that cr a < p + 2 < h + 2 and dp(ga) < 2. If p > h, then or dp (Aa) = 3 + h, and for all i > 3, we have (yrdp{an i a n + 6a) = h.
It follows that a a < 3 + /i, and dp(g a ) < 3. This completes the proof of Lemma 7. □ By Lemma 7, Lemma 2 and the same discussion as in case (ii), we have \S{ax n + bx^P rn )\ <2(ni,p-l)^m^ <np% m p*, which completes the proof of Theorem 1.2 when p > 2. If p = 2, then following the method of section 8 of [3] , we obtain the result. Here we omit the details of the proof.
Proof of (1.24) in Example 1.3. Let p > 5, n = 2, m = 3, a, b G Z with p f a&, and f(x) = ax 2 + 6x. We will select a character x mod p 3 such that the related congruence 2ar:r 2 + brx + c = 0 (mod p) has only one solution with multiplicity two, where r and c defined by (2.9) and (2.10) when m = 3. Let 1 < a < p -1, and 1 < 5 a < p -1, be defined by the congruences, (5.13) 4aa + 6 = 0 (mod p), ar 2 (aa + 26) = 6 a (mod p).
Now we pick up c by setting (5.14) c = p5 a -ra(2aa + 6) (modp 2 ).
It is easy to see that p f c, and so the corresponding character x mo d p 3 is a primitive character. By the above definition, then a is the unique solution of 2arx 2 
